Abstract: In this work, two different theoretical models for predicting the wind velocity downwind of an H-rotor vertical-axis wind turbine are presented. The first model uses mass conservation together with the momentum theory and assumes a top-hat distribution for the wind velocity deficit. The second model considers a two-dimensional Gaussian shape for the velocity defect and satisfies mass continuity and the momentum balance. Both approaches are consistent with the existing and widely-used theoretical wake models for horizontal-axis wind turbines and, thus, can be implemented in the current numerical codes utilized for optimization and real-time applications. To assess and compare the two proposed models, we use large eddy simulation as well as field measurement data of vertical-axis wind turbine wakes. The results show that, although both models are generally capable of predicting the velocity defect, the prediction from the Gaussian-based wake model is more accurate compared to the top-hat counterpart. This is mainly related to the consistency of the assumptions used in the Gaussian-based wake model with the physics of the turbulent wake development downwind of the turbine.
Introduction
Vertical-axis wind turbines (VAWTs) are a type of wind turbines that rotate around an axis perpendicular to the incoming flow. The two main advantages of these family of wind turbines are associated with harvesting wind from any direction, and the possibility of mounting the power generation system close to the land surface which reduces the operation and maintenance costs [1] . Also, since the swept area of the VAWTs can increase irrespective of their footprints, they have the potential to provide higher power densities compared to the traditional horizontal-axis wind turbines (HAWTs) [2] . Besides the aforementioned benefits associated with the VAWTs, recent studies show that there is a potential to enhance the performance of the existing wind farms (or optimizing the layout of new wind farms) by deploying wind turbines with different types and combining horizontal-axis and vertical-axis wind turbines [3] [4] [5] .
Much work, including field-scale measurements [6] [7] [8] [9] , laboratory experiments [10] [11] [12] [13] [14] [15] [16] [17] , and numerical simulations [18] [19] [20] [21] [22] [23] [24] [25] has been done recently to study the aerodynamics of VAWTs. In the following, a brief review of the most recent studies related to fluid mechanics of VAWTs is provided. Kinzel et al. [7] analyzed the wake flow within an array of real-scale VAWTs. By quantifying the mean and turbulent kinetic energy fluxes, they found a high planform kinetic energy flux that promotes the recovery of the wake. Li et al. [9] investigated the power performance and wake properties of a full-scale straight-bladed wind turbine. They showed that the recovery process in the wake region is asymmetric. Battisti et al. [10] conducted wind tunnel experiments to study the wake behind a VAWT. They showed that the wake appears to be asymmetric due to the rotation of the blades. Posa et al. [13] studied the wake structure of an isolated wind turbine using both particle image velocimetry (PIV) and numerical simulation. They found that the momentum deficit is deflected toward the retreating blade region.
Araya et al. [15] investigated the wake of the turbines with different blade numbers using PIV. They observed that the far-wake region of the VAWT exhibits features that are quantitatively similar to those of a circular cylinder with the same aspect ratio. Rolin and Porté-Agel [16] employed PIV to examine the VAWT wakes in a boundary-layer wind tunnel. They found that the formation of two counter-rotating vortex pairs behind the turbine highly contributes to the turbulent momentum flux into the wake. Kadum et al. [17] carried out wind tunnel experiments to study the near wake of a model VAWT using PIV. They also highlighted the asymmetry behavior of both first and second order moments of the wake downstream. Regarding the numerical simulations, Shamsoddin and Porté-Agel [18] used large eddy simulation (LES), for the first time, to simulate the wake downwind of the VAWTs. They showed that LES coupled with an actuator-line model can yield accurate predictions of the mean and higher-order statistics in the wake. Lam and Peng [20] used a blade-resolving numerical technique to study the near and far-wake regions of a straight-bladed VAWT. They showed that the asymmetry of the wake increases as the wake is advected downstream. Hezaveh et al. [21] conducted LES to study the effect of turbine solidity, height-to-diameter aspect ratio and tip-speed ratio on the wake flow downwind of an isolated wind turbine. Abkar and Dabiri [22] used LES to explore the wake over the VAWTs and found that the wake has self-similar properties after some distance downstream. Abkar [23] investigated the role of subgrid-scale models in LES on the aerodynamic load and on the recovery of the wake under uniform inflow conditions. Rezaeiha et al. [24] studied numerically the impact of operational parameters including the Reynolds number, tip-speed ratio, and turbulence intensity on the performance of the turbine as well as the wake structure downstream. They found that the high turbulence intensity in the incoming flow deteriorates the optimal operation of wind turbines in the dynamic stall condition. Mendoza et al. [25] simulated the near-wake flow of a VAWT using an actuator-line technique. They showed that the actuator-line model is able to characterize the main features of the wake flow downwind of the turbine. All the above-mentioned studies have provided valuable insights into the interaction between the incoming flow and the turbine including wake flow characteristics, aerodynamic loads on the blades and structural fatigue due to dynamic stall and blade-wake interactions.
Besides the computational and experimental tools, developing reduced-order models to predict the aerodynamics of VAWTs is of great importance for the wind energy community. Among the existing theoretical tools for VAWTs, one can highlight the steamtube model [26, 27] , the vortex model [28] , and the leaky-Rankine body model [2] . The first two approaches were mainly focused on the aerodynamic load prediction and the flow features in the near-wake region. The later one, which is a two-dimensional potential flow model, was mainly utilized for the array performance prediction [8] . However, there is a lack of improved low-order models to predict the spatial distribution of the mean flow in the far-wake region of VAWTs in the real environment. Hence, developing reliable theoretical models with low computational complexity that can be used for power harvesting optimization and operational purposes is extremely useful and is the focus of this study.
This work aims to propose a theoretical framework for prediction of the mean wake flow behind an H-rotor wind turbine. Section 2 describes the derivation of the theoretical models. In Section 3, the two proposed wake models are examined and compared using the LES and field measurement data. Concluding remarks are provided in Section 4.
Theoretical Wake Modeling
In this section, a theoretical framework is proposed in order to predict the wind velocity field downstream of an H-rotor wind turbine with blade span of H and rotor diameter of D. Two sets of wake models with different assumptions for the velocity defect distribution are systematically derived and validated. In the following, the description of both models is provided.
Top-Hat Wake Model
In this approach, it is assumed that the wake downwind of the turbine has a rectangular shape with dimensions of H w and D w which are expanded linearly as the wake is transported downstream as
where the wake expands in the wall-normal direction at the rate of k wz and in the spanwise direction at the rate of k wy . Note that considering the linear growth for the wake in turbulent free stream is similar to the one first used by Jensen [29] and later by many other researchers for HAWTs (see the review of Stevens and Meneveau [30] ). By applying mass continuity and considering a top-hat shape for the velocity deficit, one can write [31] 
where ρ is the air density, U ∞ and U w are the upstream velocity and the velocity in the wake in the streamwise direction, respectively. A w = D w H w is the wake area and A p = DH is the turbine projected area. U a shows the velocity immediately downwind of the turbine and is related to the upstream velocity following
where a is the induction factor. Substituting (1) and (3) in (2), one can obtain the following equation for the normalized velocity defect,
Note that the induction factor in (4) can be estimated using the one-dimensional momentum theory [32] as a = 0.5 1 − √ 1 − C T . Here, C T is the thrust coefficient computed based on the projected area of the turbine as C T = F x /(0.5ρA p U 2 ∞ ), where F x is the total force acting on the rotor in the mean wind direction. Similar to Jensen [29] , and for the sake of simplicity, the same value can be adopted for the rate of the wake expansion in both wall-normal and spanwise directions, i.e., k wz = k wy = k w . It should be noted that, if the turbine has a circular projected area with diameter D, the above mentioned equations lead to the well-known Jensen model proposed for HAWT wakes.
Gaussian Wake Model
Consistent with the classical theories of shear flow (see e.g., Pope [33] ), Abkar and Dabiri [22] recently showed that the velocity deficit in the far wake of a VAWT has self-similar properties following a normal distribution. Using this important finding, and by applying mass continuity and momentum balance (as similarly used in Bastankhah and Porté-Agel [31] for HAWTs), they derived the following equation for the maximum velocity defect downwind of the turbine,
where the standard deviations of the velocity defect distribution in the wall-normal and spanwise directions are denoted by σ z and σ y , respectively. By considering a two-dimensional Gaussian shape for the wake, it is straightforward to describe the velocity deficit as
Note that assuming an elliptical shape for the wake allows the model to take into account the effect of turbine aspect ratio. As previously shown [22, 31, [34] [35] [36] [37] [38] [39] [40] , σ z and σ y are varying quasi-linearly with downwind distance in turbulent inflow as
where the wake expansion rates in the wall-normal and spanwise directions are represented by k * z and k * y , respectively, and the non-dimensional parameter , which characterize the standard deviation of the wake at the rotor, is defined as = 0.25 β, where β = 0.5
Here, for the sake of simplicity, it can be assumed that the wake expansion rates are similar in the wall-normal and spanwise directions, i.e., k * z = k * y = k * . It is worth mentioning that, for a wind turbine with a circular projected area of diameter D, the aforementioned equations lead to the formula introduced by Bastankhah and Porté-Agel [31] for HAWT wakes.
Note that, in the wake models proposed in this study, the slight deflection of the wake in the spanwise directions, caused by the blade rotation, is not taken into account. This is a valid approximation especially at high tip-speed ratios in which the spanwise wake displacement is gradually disappeared [41] . Our future research aims at quantifying the spanwise wake deflection at different tip-speed ratios and different turbine solidities and incorporating that effect in the proposed wake models.
Case Descriptions and the Results
The two proposed wake models are tested and compared using different LES and field measurement data summarized in Table 1 . Cases (1-3) represent the actuator-line based LES of H-rotor wind turbine wakes in the turbulent boundary-layer flow [22, 23] . Case (4) corresponds to the LES study conducted by Shamsoddin and Porté-Agel [19] in which the wake behind a 1MW wind turbine was simulated. In Case (5), performed by Hezaveh et al. [42] , LES was employed for wake-flow simulations and the results were validated against the field measurement data collected by Kinzel et al. [43] for two neighboring wind turbines separated by 1.6 rotor diameters (a schematic is shown in Figure 6 ). All the wind turbines considered in the above-mentioned studies consist of three straight blades. The key characteristics of the wind turbines and the incoming flows are provided in Table 1 . In this table, z h is the hub (or equator) height of the turbine, D is the rotor diameter, H is the blade span, λ R is the tip-speed ratio (the ratio between the speed of the blades and the speed of the incoming flow at the equator level), c is the blade chord length, C T is the thrust coefficient computed based on the projected area of the turbine A p = DH, ξ = H/D is the aspect ratio of the turbine, U h is the mean wind speed at the turbine equator, and I u = σ u /U h is the turbulence level at the same height. Note that for Case (5), the thrust coefficient, the hub-height velocity and the turbulence level are estimated based on the information provided in the simulation setup.
As stated before, it would be more convenient and practical to specify only one input parameter (i.e., k w for the top-hat and k * for the Gaussian-type wake models) to determine the wind velocity downstream of the turbine. Here, the wake expansion ratios in the top-hat and Gaussian-type wake models are estimated from the following expressions suggested for the wake development in turbulent regimes without any further tuning: k w = 0.4I u [44] and k * = 0.35I u [39] . Table 1 . Key characteristics of the wind turbines and the incoming wind. Figure 1 illustrates the spatial distribution of the time-averaged velocity in the streamwise direction and in the central vertical and lateral planes, obtained from the LES, for Cases (1-3) . It can be visually acknowledged that the wake behind the turbine is expanded and, thus, recovered with downstream distance due to the entertainment of the faster moving air into the wake. As expected, the wake is stronger for the case with a higher tip-speed ratio associated with a higher thrust coefficient. Also, it can be observed that the larger cross-sectional area in Case (3) leads to a higher momentum extraction from the incoming wind and, consequently, a larger wake region downwind of the turbine. Figures 2-6 present a detailed comparison between the theoretical wake models and the available data given in Table 1 . As can be seen, both models are capable of predicting the recovery and the expansion of the wake with downwind distance with relatively good accuracy. Regarding the top-hat model, although this approach is not able to capture the spatial distribution of the wake correctly, it is still beneficial and useful due to its simplicity and its consistency with the widely-used Jensen model for HAWT wakes. The comparison also reveals that the Gaussian-based wake model is more accurate compared to the top-hat model in predicting the wake velocity defect. This is mainly related to the consistency of the Gaussian wake model with the physics of the turbulent wake development downwind of the turbine. Note that, for the cases with higher aspect ratios, shown in Figures 4-6 , a larger discrepancy between the Gaussian-based wake model and the simulation data is observed in the vertical direction and in the near wake. The reason behind that is, due to the higher aspect ratio and, consequently, the higher momentum extraction, the velocity defect in the vertical direction does not exhibit a full Gaussian distribution in the regions just behind the turbine [36] . In other words, the Gaussian-based wake model yields more accurate results in the far-wake region. Figures 7-9 show the contour plots of the velocity deficit field obtained from the LES and the proposed theoretical wake models in the cross-sectional planes at different locations downstream for Case (1) . The figures confirm a better agreement between the Gaussian-based wake model and the simulation data. Specifically, it can be clearly observed that only the Gaussian wake model is successful in capturing the spatial distribution of the wake at different downwind distance. As mentioned before, in this study, the model coefficients (i.e., k w and k * ) are not tuned, and they are obtained from the available expressions reported in the literature. However, it would be useful to quantify the uncertainty in the wind velocity prediction due to the uncertainty in those parameters. Figure 10 addresses this issue and shows the uncertainty in prediction of the normalized velocity deficit as a result of 10% uncertainty in the wake expansion rates. As can be seen, 10% uncertainty in the wake growth rates leads to an uncertainty up to 4.4% in the wind velocity prediction, and that happens close to the turbines and is corresponding to the Gaussian wake model. Also, it can be understood from this figure that the sensitivity of the top-hat wake model to the model coefficient is less than the Gaussian counterpart. 
Summary and Conclusions
Developing a theoretical framework for predicting the wind velocity field downwind of an H-rotor VAWT is the main emphasis of this study. In this regard, two types of wake models, based on different assumptions for the velocity deficit distribution, are systematically derived and validated. Both models are compatible with the existing wake models proposed for HAWTs [29, 31] and, hence, can be implemented in the available numerical codes used for optimization and operational purposes [45, 46] . The first model utilizes the mass conservation together with the one-dimensional momentum theory and considers a top-hat shape for the wake velocity defect. The second model, in which the mass and momentum are conserved, assumes that the velocity defect has an elliptical Gaussian shape. We examined both proposed models using the LES and field measurement data of the H-rotor wind turbine wakes, and found that both models are generally capable of predicting the mean wake flow downstream. However, the Gaussian wake model provides a more accurate prediction for the wind velocity compared to the top-hat counterpart. This is mainly related to the better consistency between the Gaussian-type wake model and the physics of the turbulent wake development downwind of the turbine. Note that the proposed models can be utilized in the near future when VAWTs are deployed in arrays and their interactions have to be accounted for.
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